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1. INTRODUCTION 
Let D be a bounded multiply connected domain whose boundary 
consists of finitely many simple closed smooth analytic curves or a domain 
which is biholomorphically equivalent to such D. The Bergman space 
H*(D) consisting of square-integrable holomorphic functions is a closed 
subspace of the usual space L*(D). The Bergman projection P is the 
orthogonal projection from L2 onto the Bergman space defined by 
P(f)(z) = SD Wz> w) .f(w) d w, where K(z, w) is the Bergman kernel of D 
and dw = l/rc .dx dy. For f~ L”(D), the Hankel operator H, from H*(D) 
into L’(D) is defined by HJ(g)= (I- P)(f. g). In [2], S. Axler posed the 
following question: Is there a theorem that would show that the reproduc- 
ing kernels alone determine the compactness of Hankel operators? In [6], 
K. Stroethoff gives a positive answer to the question on the unit disc. In 
this paper we extend K. Stroethoffs results to bounded multiply connected 
planar domains. Our main theorem is the following: 
THEOREM A. Let D be a bounded multiply connected domain with bound- 
ary consisting of finitely many simple closed smooth analytic curves in the 
complex plane @. For f E L”(D), the Hankel operator H, is compact ifs 
JI H,k,/) + 0 as A+ aD, where k,(z) = K(z, E,)/K(A, A)‘12, the normalized 
Bergman kernels. 
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2. DEFINITIONS AND LEMMAS 
For a multiply connected domain D c C, we will use aD to denote the 
set of non-isolated boundary points of D. 
LEMMA 1. Let D and Q be two hiholomorphically equivalent domains 
with smooth boundaries in the complex plane @. Then Theorem A holds on 
D if and only if Theorem A holds on Q. 
ProoJ: This is an elementary computation. 
Remark. For the punctured unit disc A = (z E @: 0 < IzI < 1 }, note that 
the Bergman space and the Bergman kernel on A are the same as those on 
the unit disc, If we use aA to denote the non-isolated boundary points of 
A, it follows from the results in [6] that Theorem A holds for A. By 
Lemma 1, Theorem A holds for domains {z E @: Iz - al > r} with a E @ and 
r > 0. 
DEFINITION 1. We call D a canonical multiply connected domain if 
D=flyDi, where D,={zEC: (z(<l), Di={zeC: (z-ai(>ri) with 
aieD, and rj>O such that (C\D;)cD,, and aDindDj=d if i#j for 
2<i, j<n. 
It is well known [4] that each domain given in Theorem A is 
biholomorphically equivalent to one of our canonical multiply connected 
domains. It follows from Lemma 1 that to prove Theorem A, it suffices 
to prove Theorem A for canonical multiply connected domains. From 
now on, D always denotes a canonical multiply connected domain given 
above. Let K’(z, w) denote the Bergman kernel on D, and let 
k;(z) = K’(z, n)/ZC(;I, 2) , “2 1 d i d n respectively. For f~ L”(D), we define , 
functions in Dj by 
.f&)= {f” ;; ;$,. 
I 
We will use H, to denote the Hankel operator on the Bergman space 
H2(Di). 
For E c @, we will use xE to denote the characteristic function of E. 
LEMMA 2 [l, 51. For (z, W)E D x D, we have 
(1) K(z, w)=C;)Kj(z, w), where K”(z, W)E L”(DxB); 
(2) For each 1 < i < n, there is an annulus G, c D such that Gin G, = 4 
ifi#j, andfor (z, w)~ D x G;, 
lK(z, w)l d c. )K’(z, w)l, 
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where G,= (zE@: R,<lzl<l} for some R,>O, G,={zE~: 
ri< Iz-uJ <R.’ ,, for some R,<cg if 2<i<n, and C>O is a constant 
independent of (z, w) and i. 
LEMMA 3 [5]. For ,fE L*(D), H,- is compact if and only if all HI; are 
compact for 1 < i d n. 
3. MAIN THEOREM 
THEOREM 1. Let D be a canonical multiply connected domain. For 
f E L”(D), IIHfkA(l D -+ 0 as A + aD if and only if I( Hhk5J D, + 0 as I -+ aD 
for all 1 < id n. 
Proof. Note that 
HpW=j (f(z)-f(w)).k,(w).K(z, w)duJ 
D 
= (f(z)-f(w)).k,(w).K'(z, w) dw 
+I (f(z)-f(w)).k;(w).K'(z, w) dw D\G, I 
+J (f(z)-f(w)).k,(w).KO(z,w)dw, n (1) 
where G;, 1 d B n, are the same as those in Lemma 2. 
Let A,(f, A)(z) and Bi(f, A)(z) denote the integrals on Gi and D\G, in 
the equation above, respectively; let S(L A) denote the last term in (1). 
Since k, +O weakly, it follows from K”(z, W)E L”(D x D) that 
IIS(f, A.)11 -+ 0 as A -+ dD. 
From the explicit formula for the Bergman kernels K’(z, w) [3] and the 
definitions of Gi, 1 < id n, it follows that lK’(z, w)l is uniformly bounded 
for (z, w) E D x (D\Gi), respectively. Therefore, IIB,(f, A)\1 + 0 as 1. + ?D. 
If A E Gj, w E Gi, and j # i, then Ikl(w)l < C/K(A, A)‘/’ <: C, . d(A, aDi). It 
is well known that the integral operator with kernel Ixc,(w~). K’(z, w)l is 
bounded on L*(D). Note that fE L”(D). Thus, IIA;(f, E,)ll +O as i. --f dD, 
if i # j. 
Consequently, from (1) one can easily see that II HI-k, // + 0 if and only if 
IIAi(f, A)/1 -+ 0 as I -+ aD, for 1 d ib n, respectively. 
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On the other hand, for 1 < id n, note that 
H/;k:(z)=j (f;.(z)-f,(w)).k~.(w).K’(z, w)dw 
DC 
=- s D, b(W) ‘XD,\D (z) .f(w) ./k;(w). K’(z,  dw 
+ I xo,;o(w) .x&) .f(z) %(w) ‘K’(z, w) dw D, 
+ j L,(Z) xo(w)(fb) -f(w)) k;.(w) K'(z> w) dw. (2) D, 
Let’s denote the last term in the equation above by r,(ft A)(z). 
It is obvious that x D,,D(4 x&) Y(w) .@(z, 4 and x~,,~(w) x&). 
f(z) -K’(z, w) are in L*(D, x Di), Since k:(z) -+O weakly on H2(Di), it 
follows that the L2-norms of the first two terms in (2) converge to 0 as 
A + 8Dj. Therefore, IIH,kjll D, + 0 as A + 8D, if and only if 11 T,(J A)[1 n --f 0 
as Jb + 8Dj. 
Note that 




G, (f(z) -f(w)) k;(w) K’(z, w) dw 
+I (f(z) -f(w)) k;(w) K’(z, w) dw. (3) D\G, 
Since K’(z, w) is uniformly bounded on D x (D\Gi) and SELL, by 
direct computation it is easy to check that the L2-norm of the second 
term on the right side of (3) converges to zero as A -+ aDj. Therefore, 
II r,(f, A)II -+ 0 if and only if the L2-norm of the first term on the right side 
of (3) converges to zero. 
By Lemma 2, it is easy to check that for % E Gj and w E Gi, we can write 
k:(w) as 
k;,(w) = M(A) ‘k,(w) + R(w, ,I) .d(lv, aDi), 
where M(A) is a function of II satisfying 1 6 M(A) ,< C when I E G,, and 
R(w, A) is bounded in Gj x Gi. Therefore, I/ r,(f, A)II + 0 as A + 8D, if and 
only if 
IIAi(L A)II = 
I/ 
1 (f(‘)-f(w))“,(w).“(‘, W)d”’ 
G‘, 
as A --f aDi. 
592 HUIPING LI 
Thus we have proved that (lH,;kjll., + 0 if and only if liAi(f, IV)liD -+ 0 as 
l.-+8D, for each 1 di<n. 
This finishes the proof of the theorem. Q.E.D. 
THEOREM 2. Let D he a canonical multiply connected domain. For 
fe L”(D), the Hankel operator H,. is compact if and only if IIHfk,ll + 0 as 
2 -+ c?D. 
Proof By Lemma 2, Hf is compact iff all H,;, 1 f i < n, are compact. By 
Lemma 1 and the Remark after Lemma 1 it follows that Hf is compact iff 
llH,,kjllD, -+ 0 as 2 + 3D, for all 1 < id n, respectively. An application of 
Theorem 1 yields the result. Q.E.D. 
As we mentioned before, each bounded multiply connected domain given 
in Theorem A is biholomorphically equivalent to one of our canonical 
multiply connected domains. Theorem A follows from Theorem 2 and 
Lemma 1. 
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